By using the Darboux transformation, we obtain two new types of exponential-and-rational mixed soliton solutions for the defocusing nonlocal nonlinear Schrödinger equation. We reveal that the first type of solution can display a large variety of interactions among two exponential solitons and two rational solitons, in which the standard elastic interaction properties are preserved and each soliton could be either the dark or antidark type. By developing the asymptotic analysis technique, we also find that the second type of solution can exhibit the elastic interactions among four mixed asymptotic solitons. But in sharp contrast to the common solitons, the asymptotic mixed solitons have the t-dependent velocities and their phase shifts before and after interaction also grow with |t| in the logarithmical manner. In addition, we discuss the degenerate cases for such two types of mixed soliton solutions when the four-soliton interaction reduces to a three-soliton or two-soliton interaction.
Introduction
localized-wave solutions and their dynamical behaviors are distinguished from those in the local counterpart. The focusing nonlocal NLS equation has simultaneously the bright-soliton, dark-soliton, rogue-wave and breather solutions [1, 3, 11, [19] [20] [21] . Those solutions are bounded only for some particular parametric choice, but they in general develop the collapsing singularities in finite time [1, 5, 20, 21] . For the defocusing case, Eq. (1) admits the exponential soliton solutions as well as the rational soliton solutions on the same continuous wave (cw) background u cw = ρ e i (2ρ 2 t+φ) (with ρ = 0 and φ being two real parameters) [7, [12] [13] [14] [15] [16] . Both the two types of soliton solutions can display a rich variety of elastic interactions and each asymptotic soliton could be either the dark or antidark type. In contrast to the standard elastic soliton interactions, some unusual interaction properties have been revealed: the exponential N -soliton solution contains generally 2N interacting solitons [12] ; the rational soliton experiences no phase shift when interacting with another rational one [13] ; the asymptotic solitons in the higher-order rational solutions have the t-dependent velocities because their center trajectories are localized in some curves in the xt plane [14] .
However, whether for the focusing or defocusing nonlocal NLS equation, the stability of localized-wave solutions can easily be destroyed if there is a small shift for the initial value in the x coordinate [3, 12, 13] .
It is known that the Darboux transformation (DT) is an algebraic iterative method which can generate an infinite chain of explicit solutions for the Lax pair-integrable equations from a trivial seed [36] . Lately, we have made a success in using the elementary and generalized DT to construct the exponential and rational soliton solutions of the defocusing nonlocal NLS equation [12, 13] . The Lax pair of Eq. (1) with ε = −1 with the potential given by the plane wave solution ρ e i (2ρ 2 t+φ) usually has the solution in the exponential form (see Eq. (14) below), but such solution will reduce to a rational one (see Eq. (15) below) when the spectral parameter takes critical value λ = iσρ (σ = ±1). As a result, the elementary DT can be used to derive the exponential soliton solutions based on a set of N linearly independent solutions at different spectral parameters {λ k } N k=1 with λ k = iσρ [12] , while the generalized DT can generate the rational soliton solutions when all λ k 's degenerate to iσρ [13] . However, it is also possible for N spectral parameters to partially degenerate to iσρ or the degeneration occurs at any non-critical value. That is to say, quite a number of degenerate cases have been overlook in the existing literature although they can still be dealt with by the generalized DT. With this consideration at N = 2, we in this paper construct two new types of exponentialand-rational mixed soliton solutions for the defocusing nonlocal NLS equation. We reveal that the first type of solution can display a large variety of elastic interactions, in which there are in general two exponential solitons and two rational solitons, and each interacting soliton could be either the dark or antidark type.
For the second type of solution, we develop the asymptotic analysis technique and find that the solutions contain four mixed asymptotic solitons and each one can also display the dark or antidark soliton profile.
Very specially, the center trajectories of mixed solitons are localized in some curves in the xt plane, so that they have the t-dependent velocities and their phase shifts before and after interaction grow with |t| in a logarithmical manner.
The structure of this paper is organized as follows: In Sect. 2, we review the elementary and generalized DT of Eq. (1), as proposed in Refs. [12, 13] . In Sect. 3, for the case λ 1 = ibρ (0 < |b| < 1) and λ 2 = iσρ we use the elementary DT to construct the first type of mixed soliton solution, and reveal the elastic soliton interaction properties through an asymptotic analysis. In Sect. 4, for another case λ 2 , λ 1 → ibρ (0 < |b| < 1) we derive the second type of mixed soliton solution by the generalized DT. Specially, we develop the asymptotic analysis technique and obtain some uncommon soliton interaction properties which have never been reported before. In Sect. 5, we address the conclusions and discussions of our work in this paper.
Darboux Transformation
As a special gauge transformation leaving the form of Lax pair invariant, the DT comprises of the eigenfunction and potential transformations [36, 37] . Since Eq. (1) is an integrable model, it has the Lax pair in the form [1] :
where Ψ = (f, g) T (the superscript T represents the vector transpose) is the vector eigenfunction, λ is the spectral parameter, and Eq. (1) can be recovered from the compatibility condition
and (2b) with different spectral parameters λ k (1 ≤ k ≤ N ), where λ k cannot be taken as a real number to avoid the trivial iteration of the DT. One can check thatΨ
and (2b) with λ = λ * k . Based on the work in Ref. [12] , the N th-iterated elementary DT can be constituted by the eigenfunction transformation
and the potential transformation
The functions a n (x, t), b n (x, t), c n (x, t), and d n (x, t) (1 ≤ n ≤ N ) are uniquely determined by
and particularly b N and c N can be represented as
with
where the block matrices
We notice that the elementary DT cannot apply to the degenerate cases when some of the spectral parameters {λ k } N k=1 coincide with each other because the coefficient matrix in Eq. (5) becomes singular. This difficulty may be overcome by the idea of Matveev's generalized DT [38, 39] . Let us consider the following general case:
where
For convenience, we define that l i = k i+1 − k i − 1 for 1 ≤ i ≤ n − 1 and l n = N − k n , and assume that
where Taylor series of ǫ i and taking the limit ǫ i → 0, the functions a n (x, t), b n (x, t), c n (x, t) and d n (x, t) in T [N ] can be uniquely solved from Eq. (5) again. As a result, the potential transformation is replaced by
in which the block matrices
(1 ≤ i ≤ n), and the functions f
Therefore, we call Eqs. (3) and (10) the N th-iterated generalized DT, which is applicable to any choice of the spectral parameters {λ k } N k=1 only if λ k = λ * k . One should note that the potential transformation in Eq. (6) corresponds to the particular case of the generalized one in Eq. (10) when n = N .
With the plane wave solution u cw = ρ e i (2ρ 2 t+φ) (where ρ = 0 and φ are two real parameters) as a seed, we implement the DT-iterated algorithm for Eq. (1) with ε = −1. In this case, depending on the value of the spectral parameter, the Lax pair (2a) and (2b) has two different solutions:
where σ = ±1, h k = λ 2 k + ρ 2 , ξ k = x − 2 iλ k t, and α k and β k are free complex parameters. If taking λ k = ib k ρ with 0 < |b k | < 1 and b k = b j for all 1 ≤ k ≤ N , the potential transformation (6) can give rise to a chain of exponential soliton solutions [12] . Instead, if λ 2 , . . . , λ N → λ 1 = iσρ (which corresponds to n = 1 and l 1 = N − 1 in Eq. (8)), one can derive the rational soliton solutions from Eq. (10) [13] . It should be noted that Eq. (8) contains quite a number of other degenerate cases which have been overlook in the previous studies. With N = 2 as an example, there are the following two cases remaining to be studied:
. In Sects. 3 and 4, by considering such two degenerate cases, we will derive two new types of mixed soliton solutions and discuss the soliton interaction properties via asymptotic analysis.
The first type of mixed soliton solution
In this section, letting λ 1 = i bρ (0 < |b| < 1) and λ 2 = i σρ (σ = ±1), we use the elementary DT to obtain the mixed soliton solution as follows:
, −π/2 < θ < π/2, γ 1 and γ 2 are two complex parameters. Note that α 1 and α 2 will be canceled out when f k and g k (k = 1, 2) are substituted into Eq. (16) . For convenience, we define γ 1 = r 1 e iϕ 1 with −π < ϕ 1 ≤ π and r 1 > 0 being a real constant.
Asymptotic analysis
We use the asymptotic analysis technique to study the soliton interactions described by solution (16) . It turns out that solution (16) has four different asymptotic soliton states when |t| → ∞, which are given as follows:
(i) Along the line ξ 1 = x + 2bρt ∼ 0 as sgn(b)t → ±∞, the asymptotic expression is of the exponential form and can be given by
|u| → |u
One can see that u ± 1 has no singularity if and only if γ 1 and b satisfy
and it is localized in the line κξ 1 + ∆
can, respectively, represent an exponential antidark (EAD) soliton on top of the cw background u = ρ e 2 iρ 2 t+iφ and an exponential dark (ED) soliton beneath the same background.
(ii) Along the lineξ 1 = −x + 2bρt ∼ 0 as sgn(b)t → ±∞, the asymptotic expression is also of the exponential form and can be given by
where µ (iii) Along the line η 1 = x + 2σρt ∼ 0 as σ t → ±∞, the asymptotic expression is of the rational form and can be given by
Apparently, u ± 3 has no singularity if and only if
and it can describe an rational antidark (RAD) soliton for σγ 2I < 0 or an rational dark (RD) soliton
(iv) Along the lineη 1 = −x + 2σρt ∼ 0 as σ t → ±∞, the asymptotic expression is also of the rational form and can be given by
When condition (23) is satisfied, u ± 4 is also nonsingular and it can represent an RAD soliton for
Properties of soliton interactions
The above asymptotic analysis shows that there are in total four asymptotic soliton pairs (u 
(ii) The envelope velocity of u + i is exactly equal to that of u − i , i.e.,
(iii) Both the exponential and rational solitons undergo the phase shifts after their mutual interaction and the phase difference can be given by
which is contrast to that there is no phase shift in the rational soliton solutions [13] . Therefore, all the interacting solitons can retain their individual shapes, amplitudes and velocities upon interaction except for some phase shift, which meets the standard elastic soliton interactions. Recall that each pair of asymptotic soliton (u (16) Figs. 2(a)-2(e) . However, the degenerated four-soliton interactions cannot be be simply regarded as the conventional three-or two-soliton interactions since there are still the trace for the vanishing asymptotic soliton(s) in the near-field region (see Figs. 2(a)-2(e) ). In Tables 1 and 2, we list all the possible patterns of the exponential and rational asymptotic solitons and their related parametric conditions. The combinatorial calculation indicates that solution (16) can describe a total of forty different soliton interactions. 
Parametric conditions
Asymptotic soliton u (σ t → ±∞)
RAD soliton Vanish
4 The second type of mixed soliton solution
In this section, we consider that both λ 1 and λ 2 degenerate to i ρ b with 0 <| b |< 1. For simplicity, we set ǫ 1 = ǫ 2 = δ 2 and λ 1 = λ 2 = i σρ(1 + δ 2 ), and take
where |δ| ≪ 1 is a small parameter, and s 1 and s 2 are two arbitrary complex numbers. Based on the generalized DT, we must expand f k and g k (k = 1, 2) at λ 1,2 = i bρ in the way of Eqs. (12) and (13) up to j = 1. Then, the second type of mixed soliton solution can be obtained as follows:
where −π/2 < θ < π/2, −π < ϕ 1 < π, r 1 > 0 is a real constant, the bar denotes the combination of complex conjugate and space reversal, and α 1 will be canceled out when Eqs. (30a)-(30h) are substituted into Eq. (29) . In the following, we will develop the asymptotic analysis technique so as to understand the solitonic behavior in solution (29).
Asymptotic analysis
To begin with, we argue that the asymptotic soliton of solution (29) cannot be located in any straight line
x − c t ′ = const with t ′ = sgn(b)t. Noticing that ξ 1 − (x − c t ′ ) = (c + 2|b|ρ)t ′ and −ξ 1 − (x − c t ′ ) = (c − 2|b|ρ)t ′ , we have the asymptotic behavior of ξ 1 and −ξ 1 when t ′ → ±∞:
Thus, no matter whether c is equal to ±2|b|ρ or not, solution (29) has the same limit along the line x − c t ′ = const as t ′ → ±∞, that is,
which implies that there is no asymptotic soliton lying in any straight line of the xt plane.
Next, we consider that the asymptotic soliton of solution (29) is located in some curve F (x, t ′ ) = 0.
Because −
In the following, we first take the limit of solution (29) whenξ 1 → ±∞, and obtain the following two intermediate asymptotic expressions:
Here, Eqs. (33) and (34) still contain two independent variables ξ 1 and t ′ , so that the physical quantities of asymptotic solitons cannot be directly obtained from these two intermediate asymptotic expressions. We need to further determine the balance between ξ 1 and t ′ in Eqs. (33) and (34) when an asymptotic soliton appears as t ′ → ±∞. In dosing so, we use the method of dominant balance and assume that
where p is a constant to be determined. It can be found that as ξ → ±∞ both Eqs. (33) and (34) approaches a plane wave as given in Eq. (32) for all the cases when p = ±1. Therefore, Eq. (35) with p = ±1 is the only consistent balance for us to derive all the asymptotic solitons from Eqs. (33) and (34) . With an elaborate computation on Mathematica, we obtain four asymptotic solitons which can be expressed in the mixed exponential-rational form:
, we take the limit of u I when ξ 1 → +∞, yielding
|u I | → |u
with 
where its slope is given by
Observing that K
, we know that the asymptotic soliton u + 1 lies in the region between the line l 1 : x + 2|b|ρt ′ = 0 and positive t ′ -axis, as seen in Fig. 3. (ii) If W (x, t) = t ′ e κξ 1 ∼ O(1), we take the limit of u II when ξ 1 → −∞, yielding
|u II | → |u
with Ξ (29) as t ′ → −∞. Via the extreme value analysis, the soliton center trajectory of u − 1 can be determined as
and its slope is given by
which implies that K
Therefore, the asymptotic soliton u − 1 is located in the region between the line l 1 and negative t ′ -axis in the xt ′ plane, as seen in Fig. 3. (iii) If W (x, t) = t ′ e κξ 1 ∼ O(1), we take the limit of u I when ξ 1 → −∞, yielding
Noticing that − (29) as t ′ → +∞, and it is located in the region between the line l 1 and negative x-axis in the xt ′ plane, as seen in Fig. 3. (iv) If W (x, t) = t ′ e −κξ 1 ∼ O(1), we take the limit of u II when ξ 1 → +∞, yielding
with Ξ
is also nonsingular and it can represent an MAD soliton for sgn(b) sin(ϕ 1 −s 1I ) < 0 or an MD soliton for sgn(b) sin(ϕ 1 −s 1I ) > 0.
Since the asymptotic expression (47a) is obtained by orderly lettingξ 1 → −∞ and ξ 1 → +∞, one immediately have (ξ 1 −ξ 1 )/2 = x → +∞. Via the extreme value analysis, the soliton center trajectory of u − 2 can be determined as
and its slope is given by (29) as t ′ → −∞, and it is located in the region between the line l 1 and positive x-axis in the xt ′ plane, as seen in Fig. 3 .
On the other hand, by calculating the limit of solution (29) 
With an asymptotic analysis of Eqs. (50) and (51) like the above treatment on Eqs. (33) and (34), the other four mixed asymptotic solitons of solution (29) can be obtained as follows: (i) With the limit of u III whenξ 1 → +∞, the asymptotic expression along the curve W (x, t) = t ′ e −κξ 1 ∼ O(1) is given by
where the superscript "+" means t ′ → +∞.
(ii) With the limit of u IV whenξ 1 → −∞, the asymptotic expression along the curve W (x, t) = t ′ e κξ 1 ∼ O(1) is given by
|u IV | → |u
where the superscript "−" means t ′ → −∞.
(iii) With the limit of u III whenξ 1 → −∞, the asymptotic expression along the curve W (x, t) = t ′ e κξ 1 ∼ O(1) is given by
|u III | → |u
(iv) With the limit of u IV whenξ 1 → +∞, the asymptotic expression along the curve W (x, t) =
where the superscript "−" means t ′ → −∞. 
Obviously, the slope K
as t ′ → +∞, and K The above asymptotic analysis of solution (29) is evidently more complicated than that of solution (29), and unconventionally the resulting eight asymptotic solitons u ± i (1 ≤ i ≤ 4) are all localized in some curved lines. Naturally, one may ask how well those asymptotic expressions approximate the exact solution when |t ′ | ≫ 1. In Fig. 4 , we compare the asymptotic solitons u ± i (1 ≤ i ≤ 4) with the exact solution (29) at different values of t ′ . The graphical comparison shows that the asymptotic expressions give a good approximation to solution (29) for large values of t ′ . 
Properties of soliton interactions
By the asymptotic expressions in Eqs. (36a)-(47a) and Eqs. (52a)-(55a), we discuss the soliton interaction properties of solution (29) for the MD soliton), we get the amplitudes for |u
as follows:
which means that each pair of asymptotic solitons (u (ii) Since the center trajectories of all asymptotic solitons are along some curved lines in the xt ′ plane,
The absolute difference |v 
In contrast to the fixed phase shift in Eq. (27) , the absolute phase difference |δφ i | in Eqs. (59a) and (59b) grows as |t ′ | increases in the logarithmical manner (see Fig 5) . Parametric conditions u 
Conclusions and discussions
It has been shown in Refs. [12, 13] that the defocusing nonlocal NLS equation admits both the exponential and rational soliton solutions on the cw background u cw = ρ e i (2ρ 2 t+φ) . In this paper, by using the twice-iterated DT and starting from the same seed u cw , we have constructed two new types of exponentialand-rational mixed soliton solutions for Eq. (1) with ε = −1. Via the asymptotic analysis technique, we have revealed that there are two exponential solitons and two rational ones in the first type of solution, and four mixed solitons in the second type of solution. The two types of solutions can exhibit a variety of elastic four-solion interactions since each asymptotic soliton could be either the dark or antidark type.
Also, we have discussed the degenerate cases when the four-soliton interaction reduces to a three-soliton or two-soliton interaction. For such two types of mixed soliton solutions, we have given the parametric conditions associated with all possible types of soliton interactions in Tables 1-3 . Specially, we point that the asymptotic solitons in the second type of solution have the t-dependent velocities and their phase shifts before and after interaction also grow with |t| in the logarithmical manner, which is in sharp contrast with that in the local NLS equation. Finally, we would like to discuss the following issues:
(i) It is a challenging work to find the sufficient and necessary nonsingular conditions for the soliton solutions of an integrable nonlocal equation [13, 40] . Although all the asymptotic solitons of solution (16) (or solution (29) ) are nonsingular if and only if conditions (20) and (23) (or conditions (37) and (44)) are satisfied, it does not mean that solution (16) (or solution (29) ) has no singularity with the same conditions. In fact, one may observe the blow-up phenomena in the near-field region t ≈ 0 even if these conditions hold. Accordingly, Eqs. (20) and (23) (or Eqs. (37) and (44))) are just the necessary conditions for solution (16) (or solution (29) ) to be nonsingular.
(ii) It is known from the previous knowledge [41, 42] that the asymptotic solitons are usually localized in some straight lines where there exists a balance between two dominant exponential terms of the tau function. But in deriving the mixed asymptotic solitons of solution (29), we develop the asymptotic analysis technique by considering the balance between t and some exponential term. It turns out that all the mixed asymptotic solitons of solution (29) are localized in some curves in the xt plane. In comparison, there is a well agreement between the asymptotic expressions and solution (29) when |t| ≫ 1. Therefore, such technique may be applicable to studying the asymptotic behavior of multisoliton solutions for other nonlocal evolution equations [25] [26] [27] [28] [29] 33] .
